Part 2 of this series of two papers presents the applications of the discrete singular convolution (DSC) algorithm. The main purpose of this paper is to explore the utility, test the accuracy and examine the convergence of the proposed approach for the vibration analysis of rectangular plates with internal supports. Both partial internal line supports and complex internal supports are considered for 21 square plates of various combinations of edge support conditions. The e ects of di erent size, shape and topology of the internal supports and di erent boundary conditions on the vibration response of plates are investigated. The partial internal line supports may vary from a central point support to a full range of cross or diagonal line supports. Several closed-loop supports, such as ring, square and rhombus, and their combinations are studied for complex internal supports. Convergence and comparison studies are carried out to establish the correctness and accuracy of the DSC algorithm. The DSC results are compared with those in the available literature obtained by using other methods. Numerical results indicate that the DSC algorithm exhibits controllable accuracy for plate analysis and shows excellent exibility in handling complex geometries, boundary conditions and support conditions.
INTRODUCTION
In Part 2 of this series of two papers we explore the usefulness, test the accuracy, and examine the convergence of the discrete singular convolution (DSC) algorithm [1] [2] [3] [4] [5] [6] [7] for the vibration analysis of plates with internal supports. Part 2 is a natural extension of the preceding paper completeness of the pb-2 Ritz method. Moreover, the analysis of plates with complex internal supports has not received much attention, although there is a great deal of literature on the analysis of plates with internal (full) line and ring supports [8-21, 24, 26] . It is relatively easy for the pb-2 Ritz method [20, 27] to treat plate with complex ring supports and any other internal support topology as long as it can be expressed as a continuous function. However, the e ciency of the Ritz method is dramatically reduced if the internal support topology cannot be analytically expressed [20, 27] . In contrast, local methods, such as ÿnite element approaches, are certainly exible in imposing the complex internal support conditions. However, the speed of convergence of conventional local methods is relatively low under complex internal support conditions due to the low order approximations used. In this paper, we demonstrate the e ciency and robustness of the DSC algorithm for the treatment of this class of problems.
This paper is organized as follows. In Section 2, we apply the DSC algorithm to the analysis of plates with internal partial line supports, which may vary from a single central point support to partial cross or diagonal line supports. The e ectiveness and convenience of the DSC method for treating internal supports are demonstrated. The validity and accuracy of the DSC method for vibration analysis of plates are veriÿed by convergence and comparison studies. Extensive frequency parameters are tabulated for square plates of 21 distinct combinations of edge support conditions with internal supports. Vibration characteristics of square plates with internal supports are examined. Analysis results of plates with complex internal supports are presented in Section 3. A few typical internal support topologies, including ring, square, rhombus and their combinations are considered. Convergence studies are performed to establish the number of DSC grid points required for converged frequencies. The DSC results are compared with available solutions from open literature to validate the correctness of the DSC method. Extensive frequency parameters are presented for square plates of various combination of edge support conditions and having several closed-loop internal supports. These results may serve as useful references for engineers when they design plate structures with complex internal supports. The paper ends with a conclusion.
PARTIAL INTERNAL LINE SUPPORT
The application of the DSC algorithm is demonstrated in this section through extensive numerical studies on vibration of square plates with partial internal line supports. Figure 1 depicts 21 distinct boundary conditions which are obtained by combinations of simply supported, elastically supported and clamped edges. For brevity, we shall use the letters S for simply supported edge, C for clamped edge and E for the elastically supported edge and a fourletter designation to represent the edge conditions of the plate. For instance, an ESCS plate will have an elastically supported edge along X =0, a simply supported edge along Y =0, a clamped edge along X =1 and a simply supported edge along Y =1, respectively. As shown in Figure 2 . the partial internal line supports are arranged to be seven distinct types, i.e. type I: full length diagonal line supports; type II: two-thirds diagonal line supports; type III: one-third diagonal line supports; type IV: a central point support; type V: one-third cross line supports; type VI: two-thirds cross line supports; and type VII: full length cross line supports. Frequency parameters are computed for the combinations of all cases and types. The Poisson ratio is taken as 0.3 when needed and the vibration frequency is expressed in terms of a non-dimensional frequency parameter given by (!a 2 = 2 ) h=D, where D =Eh 3 =[12(1 − 2 )] and !; a; ; h and E are circular frequency, length, mass density, thickness of the plate and modulus of elasticity, respectively.
Convergence and comparison studies
To verify the validity and accuracy of the proposed DSC approach, convergence and comparison studies are ÿrst carried out for the vibration analysis of plates with internal line supports.
Convergence study is performed on a simply supported square plate (Case 1) with full length cross supports and a simply supported square plate with full length diagonal supports, respectively. Frequency parameters for the two plates vibrating in the ÿrst eight modes are presented in Table I . The number of DSC grid points used to generate the frequency parameters are chosen as 17 2 (i.e. N x =N y =16), 33 2 (i.e. N x =N y =32) and 65 2 (i.e. N x =N y =64). It is observed that the frequency parameters for the two plates decrease monotonically as the number of grid points increases. It is noted that when the number of DSC grid points is 17 2 , the frequency parameters for the ÿrst eight modes in the two plates converge to a satisfactory level. To ensure a certain level of reliability, all vibration frequencies presented in the rest of the section are calculated based on the number of DSC grid points N 2 being 37 2 . Their DSC parameters are chosen as M =25 and = =2:8. Three sets of candidate DSC parameters ( = ; M ) are used in this section, i.e. (2:5; 16), (2:8; 25) and (4:0; 32), respectively [2] . The non-dimensional spring coe cient is set to K =100. Table III shows the vibration frequency parameters for square plates of various edge supports and with full length cross supports. For the simply supported square plate, the DSC results have been compared well with results from several other publications [17-21, 25, 28, 29] . For square plates with other edge supporting conditions (see Table III ), the current results are compared with those reported by Liew et al. [20] using the pb-2 Ritz method and those of Cheung and Zhou [25] . All of these results are in close agreement in general. Particularly, an excellent consistence is found between the present results and those of Cheung and Zhou [25] . Table IV gives the vibration frequency parameters for square plates with a central point support. Many solutions have been found in open literature for a simply supported square plate with a central point support [29] [30] [31] [32] [33] [34] [35] [36] . Except for the results reported by Nowacki [30] and Johns and Nataraja [32] , the DSC results are in excellent agreement with results from the other researchers [29, 31, [33] [34] [35] [36] . For square plates with other edge supporting conditions, the DSC results show close agreement with those by Leissa [29] , Kim and Dickinson [33] and Liew et al. [36] .
The convergence and comparison studies in this section have conÿrmed the validity and accuracy of the DSC method in dealing with square plates with internal line and point supports. 
Case studies
Having built our conÿdence on the DSC approach for the internal line support, we present in this section the case studies of square plates having the 21 prescribed boundary conditions as shown in Figure 1 . The elastic support edge is considered as a simply supported edge with rotational spring constraint along the edge. Tables V and VI present extensive frequency parameters of the ÿrst eight modes for the fully simply supported square plates (i.e. Case 1) and the fundamental frequency parameters of the rest 20 cases of square plates. The seven types of internal line=point supports are arranged in the sequence as shown in Figure 2 . The results presented in these tables are important for studying the vibration characteristics of square plates with respect to plate boundary conditions and internal line=point supports. These results may also be used by engineers in designing plate structures with complex internal supports.
The vibration responses of a simply supported square plate are studied in more detail to reveal the in uence of internal supports on the plate. The frequency parameters and mode contour shapes of the ÿrst eight modes are shown in Table V . For plate with a central point support, it is observed that the plate is forced to vibrate in the (antisymmetric-symmetric (AS) with respect to the x-and y-axis, respectively) and symmetric-antisymmetric (SA) modes as shown by the contour shapes of the ÿrst two modes. The third mode is an axisymmetric mode with respect the central point of the plate. There is no nodal line in this mode. A set of cross nodal lines is evident in the fourth mode (AA mode). The ÿfth mode is an SS mode. However, the nodal lines of the mode is a set of diagonal lines. The sixth and seventh modes are SA and AS modes with three half waves in one direction and two half waves in the other direction. The eighth mode is observed to be an axisymmetric mode with a close loop nodal line. Table V also shows that when the two-third diagonal line supports are imposed, the plate is forced to vibrate in the same way as a plate with the full length diagonal line supports. The plate behaves quite di erently when the one-third diagonal line supports are placed on the plate. Similar trends are also found in the plate with cross line supports.
The ÿfth frequency parameters for a plate with full length diagonal line supports and full length cross line supports are both 20. However, the mode shapes in the two cases are completely di erent as evident in Table V .
Table V also shows that the frequency parameters are greater for plates with cross line supports and diagonal line supports than those for plates with a central point support. The diagonal line supports provide the strongest supports among the three considered internal support types. Figures 3 and 4 present the variation of frequency parameters versus the support length for a clamped square plate (Case 2) with cross line and diagonal line supports, respectively. Frequency parameters of several SS, AS and SA modes are depicted in Figures 3 and 4 . It is found that the frequency parameters increase with increasing support length in general. The frequency parameters remain the same when the internal support reaches certain length (e ective length). The e ective length is greater when the plate vibrates in higher modes. There are several modes where the frequency parameters remain constant when the support length increases. This is because the nodal lines of these modes coincide with the internal support lines. The e ect of internal supports on the vibration characteristics of simply supported square plates may also be observed for plates with other edge supporting conditions in Table VI .
The e ect of edge support conditions can be studied by examining the frequency parameters in Tables V and VI. It is shown that the frequency parameters increase with the increasing level of boundary constraints from simply supported to elastically supported to clamped. This is because higher level boundary constraints increase the exural rigidity of the plates, resulting in a higher frequency response. This trend can be found again from the results in Table VI for the other cases.
COMPLEX INTERNAL SUPPORT
In this section, the foregoing DSC formulation is used to investigate the in uence of complex internal supports and plate boundary conditions on the vibration behaviour of square plates. Again, square plates of 21 combinations of simply supported, clamped and elastically supported edges are selected in this study as shown in Figure 1 . The internal supports considered are square, rhombus and circular loops and three of their combinations (see Figure 5 ). The size of the loop supports may be determined by a size parameter (see Figure 5 ). The DSC parameters and the non-dimensional spring coe cient follow the choices mentioned in Section 2.
Convergence and comparison studies
As the DSC algorithm for plate analysis is an approximate method, the validity and accuracy of the method need to be examined through convergence and comparison studies. The convergence test is ÿrst carried out for three selected square plates, namely, SSSS (Case 1), CCCC (Case 2) and ECCS (Case 18) plates as shown in Figure 1 . Table VII shows the ÿrst eight frequency parameters for an SSSS square plate (Case 1) with internal loop supports of Types VIII, IX and XII, respectively. The size parameter of the internal loop support is set to be a=4. The number of DSC grid points (N x + 1) × (N y + 1) varies from 17 2 to 65 2 . Unlike the convergence pattern of the Ritz method [37] , where the frequency parameters decrease monotonically as the number of Ritz trial function terms increases, the frequency parameters from the DSC method may increase or decrease monotonically when the number of DSC grid points increases. There are also cases where the frequency parameter oscillates with increasing DSC grid points. Nevertheless, the frequency parameters show a satisfactory convergence even when the number of DSC grid points is 17 2 . Tables VIII and IX present the frequency parameters against the number of DSC grid points for a CCCC plate (Case 2) and an ECCS plate (Case 18), respectively. The convergence patterns of the frequency parameters in these two cases show the same trends as for the simply supported square plate (Case 1). The frequency parameters converge to an acceptable level with the number of DSC grid points being 17 2 . It is observed that even with 17 2 DSC grid points, the frequency parameters for the three selected cases have well converged. To ensure the accuracy and e ciency of the solutions, 41 2 DSC grid points are used for all other calculations in this section.
To verify the correctness of the DSC results, a comparison study is performed against the existing results from the literature. Table X gives the vibration frequencies for a simply supported square plate (SSSS plate) and a clamped square plate (CCCC plate) with a concentric internal ring support. The size parameter of the ring support =a=4. We observed that the frequency parameters generated by the DSC method are in good agreement with those reported by Liew et al. [27] and Nagaya [38] . The convergence and comparison studies in this subsection have conÿrmed the validity and accuracy of the proposed DSC method.
Case studies
Tables XI-XIII present the fundamental frequency parameter for square plates of 21 combinations of edge support conditions (see Figure 1 ) with six types of internal complex supports (see Figure 5 ). The size parameter of the internal supports is chosen to be =a=8; 2a=8; 3a=8 and 4a=8 for types VIII, X and XI, =a=8; 2a=8 and 3a=8 for types IX and XII, and =2a=8; 4a=8 for type XIII, respectively. The e ects of the edge support conditions, the types of internal supports and the size parameter of the internal supports on the vibration frequencies may be observed from the results in Tables XI-XIII . The e ect of edge support conditions on the frequency parameters can be examined from results in Tables XI-XIII. It is seen that the frequency parameters for the SSSS plate (Case 1, in Table XI ) are smaller than those for the CCCC plate (Case 2, in Table XI) . Higher constraint at the edges (in the order from S to E to C) increases the exural rigidity of the plate, leading to a higher frequency response. Tables XI-XIII also provide information on the e ect of internal support type on the frequency parameters. For a given size parameter , a square plate with Type X internal support (the ring) has the lowest frequency parameters. Higher frequency parameters are found for plates with Type XII support-a combination of a square and a rhombus. In general, for a given edge condition, the larger the unsupported free section of a plate, the lower will be the ÿrst vibration mode. As a result, the lowest ÿrst frequency parameter (3.0601) is observed for SSSS plate (Case 1) with Type X support and the highest ÿrst frequency parameter (23.7348) occurs in the combination of Case 2 and Type XII support. Figure 6 shows the eight frequency parameters, corresponding to the ÿrst two SS (symmetric-symmetric), SA=AS type and AA (antisymmetric-antisymmetric) type modes, respectively, against the support size ratio 2 =a for the SSSS square plate (Case 1) with a rhombus internal support (Type VIII support). We can observe that all frequency parameters increase when the value of 2 =a varies from 0 to about 0.2. The frequency parameter from the ÿrst mode decreases as the value of 2 =a is greater than 0.2. The same trend occurs for the other modes with a di erent key value of 2 =a. It is evident from Figure 6 that this type of internal support is most e ective for the SSSS plate when the support size ratio 2 =a is in between 0.2 and 0.35. The variation of frequency parameters under other support types have a similar tendency. In general, large frequency parameters occur at the internal support structure which is about half of the size of the plate.
To have an insight view on the vibration behaviour of plates with complex internal supports, we present selected mode shapes for the SSSS square plate (Case 1). Figures 7-12 show the ÿrst six mode shapes of the simply supported SSSS plates (Case 1) having the six types of internal supports. The support size ratio 2 =a is set to be 0.5 for all cases. Due to the symmetrical characteristics of the edge constraints and the internal supports, the SSSS plate always vibrates in one of its SS, SA, AS or AA modes with respect to the x-and y-axis. Consequently, modes 2 (SA) and 3 (AS) are always degenerated. Two other plates with the CCCC (Case 2) and EEEE (Case 3) edge conditions have very similar mode shapes as those in Figures 7-12 . Obviously, since the symmetry is broken fully or partially in Cases 4-21, it is expected that the mode shapes behave di erently in these cases. 
CONCLUSIONS
This paper explores the utility, tests the accuracy and examines the convergence of the proposed discrete singular convolution (DSC) algorithm for the free vibration analysis of rectangular plates with internal supports. Two classes of internal supports, i.e. partial internal line supports and complex internal supports, are treated in association with 21 combinations of edge support conditions. Particular attention is paid to the e ects of di erent size, shape and topology of the internal supports and di erent boundary conditions on the vibration response DSC results are in good agreement with results produced by ÿnite element methods and Ritz methods. The convergence study showed that the DSC method can produce highly converged frequency parameters when the DSC grid points are doubled and quadrupled. In fact, converged results can be attained with a small mesh size of 17 2 for all tested cases. To ensure the correctness of the present results, a larger mesh size (37 2 ) is employed in the case study. Extensive frequency parameters have been presented in this paper for square plates with di erent combinations of edge support conditions and partial internal cross line, diagonal line and central point supports. The general trends of the frequency parameters with respect to the internal supports and boundary conditions are discussed. It is found that partial internal cross and diagonal line supports in a plate may produce almost the same e ect as for the plate with full length internal cross and diagonal line supports. The diagonal supports are more e ective than the cross support in increasing the vibration frequencies of square plates.
The problem of plates with complex internal supports is of great importance in engineering designs and has received little attention in the literature, partially due to the numerical di culty. The simplicity and exibility of the DSC method for vibration analysis of rectangular plates with complex internal supports have been demonstrated in this paper. The DSC results are compared with available solutions for the internal ring support from the open Figure 12 . The ÿrst six eigenmodes for SSSS square plates (Case 1) with Type XIII internal support ( = a=4).
literature. The convergence and comparison studies show that the DSC method can generate accurate vibration frequencies for plates with complex internal supports. Extensive frequency parameters are presented for square plates of 21 combinations of edge support conditions and with six di erent types of internal supports. The e ectiveness of the internal loop supports in increasing vibration frequencies are discussed. It is found that internal supports are most e ective when their sizes are about half the size of the plate. The tabulated frequency parameters for square plates with complex internal supports may serve as valuable information for engineers in designing plate structures and as benchmark solutions for researchers to check their numerical methods.
Numerical experiments indicate that the DSC algorithm exhibits controllable accuracy for plate analysis and possesses excellent exibility in treating complex boundary conditions and support conditions. Although this paper only presents vibration results for square plates with partial line supports and complex internal supports, the DSC method is readily applied to rectangular plates with irregular supports and plates of other shapes.
